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Strong gravitational lensing of gravitational waves can produce duplicate signals that are separated in time
with different amplitudes. We consider the case in which strong lensing produces identifiable gravitational-wave
events together with weaker sub-threshold signals that are hidden in the noise background. We present a search
method for the sub-threshold signals using reduced template banks targeting specific confirmed gravitational-
wave events. We apply the method to an event from Advanced LIGO’s first observing run O1, GW150914.
We show that the method is effective in reducing the noise background and hence raising the significance of
(near-) sub-threshold triggers. In the case of GW150914, we are able to improve the sensitive distance by
4.5% − 11.9%. Finally, we present the possible lensed candidates for GW150914 which passed our nominal
significance threshold of False-Alarm-Rate ≤ 1/30 days.
INTRODUCTION
The LIGO-Virgo Collaboration [1–4] has successfully
made 11 confident detections of gravitational waves from
compact binary mergers [5] in the first two observing runs O1
and O2. They have also released 37 events publicly in the third
observing run O3 so far. The study of gravitational waves has
been applied to many different aspects of physics, including
multi-messenger astronomy [6–11], cosmology [12–14], test-
ing general relativity [15, 16], and particle physics [17, 18].
General relativity predicts that, just as masses can curve
spacetime, waves emitted from a source can be refracted and
deflected before reaching the observer, an effect known as
gravitational lensing. This effect has been extensively stud-
ied in the context of electromagnetic waves over the last cen-
tury [19–25]. Recent works have started considering gravi-
tational lensing of gravitational waves, including the rate of
lensing [26–30], the effects of strong lensing on gravitational-
wave waveforms [31–38], and weak lensing effects imprinted
onto the gravitational waveforms [39, 40]. A recent study has
shown, however, that there was no strong evidence for the
observation of gravitational lensing during the first observ-
ing run (O1) and the second observing run (O2) [26]. Nev-
ertheless, with the expected rise in the detection rate of grav-
itational waves from binary black hole mergers in the com-
ing years [41], there is a chance that we will observe lensed
gravitational-wave signals.
Under the influence of strong gravitational lensing, mul-
tiple signals from the same source can arrive with relative
time delay and magnification. Therefore, it is possible to have
gravitational-wave signals with sufficiently strong amplitudes
that can be identified as detections and corresponding weaker
gravitational-wave signals which are burried in the noise back-
ground. We refer to these weaker signals as sub-threshold.
In this paper, we present a search for sub-threshold lensed
signals using information from confirmed gravitational-wave
events. In particular, we use knowledge from detected events
to limit the parameter space for our matched-filtering analysis.
Similar analyses have been developed to target gamma-ray
bursts (GRBs) [42] and sub-solar mass compact binaries [43].
For example, Ref. [42] made use of the confirmed gamma-ray
burst signals to fix the time and sky location for the search
of the associated gravitational waves and showed an improve-
ment of 25% in terms of the sensitive distance.
METHODS
Before describing the targeted sub-threshold search meth-
ods for strongly-lensed gravitational-wave signals in detail,
we first give an overview of the search (see Fig. 1).
Suppose we want to search for strongly-lensed counter-
parts of a gravitational-wave event, which are potentially
sub-threshold because of the relative de-magnification. This
means the counterparts will appear to be further away from the
observing point and hence the signals will be weaker. Here
we assumed geometrical optics, meaning that the magnifi-
cation is frequency-independent and the gravitational lens is
achromatic, hence it will not distort waveform apart from an
overall scaling. As an input to the search, a number of pos-
terior samples of parameters obtained from parameter estima-
tion (e.g. from LALInference [44]) of the event of interest
are used to generate a set of injections 1. For each posterior
sample selected, we generate one injection with its original
strength, and nine additional weaker injections to mimic its
weaker lensed counterparts.
After obtaining an injection set, we run a matched-filtering
based search pipeline to see what templates in the full tem-
plate bank can recover these injected signals with sufficiently
high significance. In this work, we are applying the GstLAL
1 An injection refers to a simulated lensed signal that we test a search
pipeline against to measure the effectiveness of the pipeline
ar
X
iv
:1
90
4.
06
02
0v
2 
 [g
r-q
c] 
 9 
De
c 2
01
9
2pipeline [45, 46]. In principle, the search will work equally
well for any other matched-filtering based pipelines such as
PyCBC [47]. These templates will then be used to form the
reduced template bank to search for the sub-threshold lensed
signals. Detailed description of the generation of the reduced
template bank can be found in Section .
We then use the same search pipeline to perform a search,
with identical procedures as the usual analyses but with our
newly obtained reduced template bank, whose size is much
smaller than the original bank, to look for candidates of
strongly-lensed counterparts from all the available data.
Compared to a search using the full template bank, a weaker
lensed signal of the event of interest will have a higher statisti-
cal significance in a search using the smaller reduced template
bank because of the reduction in the trials factor. Further ex-
planation can be found in section .
As an output of the search, we give a list of possible
strongly-lensed candidates of the targeted gravitational-wave
event. These triggers will then be followed-up using a
Bayesian model selection analysis. The follow-up analysis is
described in another upcoming paper [48]. The interpretation
of the statistical significance of these triggers is described in
Section .
Reduced template bank
Our starting point is the template bank used in O2, with the
parameter space of masses of the binary components spanning
from 2M to 400M, covering binary neutron stars (BNS),
neutron-star-black-hole (NSBH) and binary black hole (BBH)
systems, with a total of 677000 templates [46, 49]. For tem-
plates dedicated for BBH systems, they carry (anti-)aligned
dimensionless spin magnitudes ≤ 0.999. This spin limit is
chosen to be as close to the theoretical limit of 1 as possible
with current waveform approximants.
To generate a reduced template bank that is effectual in
identifying lensed signals of the event of interest, we need to
figure out which templates in the original template bank are
able to find these weaker signals. To achieve this, we perform
an injection campaign where simulated lensed signals are in-
jected into the data.
Since the parameters (e.g. masses and spins) of a
gravitational-wave signal are not precisely known, we use the
posterior samples of Nps = O(1000) highest likelihood val-
ues from parameter estimation to represent the event. For a
matched-filtering based CBC search, the templates are charac-
terized by the intrinsic parameters, such as component masses
and spins, since they govern the evolution of a waveform over
time. The dependence on other extrinsic parameters, such as
luminosity distance DL and inclination ι, are absorbed into
the effective distance Deff , which is defined in [50] as
Deff = DL
[
F 2+
(
1 + cos2 ι
2
)
+ F 2× cos
2 ι
]−1/2
, (1)
Figure 1. The flow-chart outlining briefly the workflow of the tar-
geted sub-threshold search method. We will describe each step in
detail in Section .
where F+ and F× are the antenna response functions of a GW
detector to the plus and cross polarization of GW respectively.
The optimal signal-to-noise (SNR) ratio ρopt =
√〈h|h〉 of a
template htemplate is given by
ρ2opt = 〈h|h〉 = 4
∫ ∞
0
df
|htemplate|2
Sn(f)
∝
(
1
Deff
)2
, (2)
where Sn(f) is the one-sided power spectral density of the
noise in a detector [50]. Each template in a template bank
is normalized by the optimal SNR squared such that the
matched-filtering SNR is independent of the strength of the
templates. The SNR ratio ρopt then scales with the effective
distance as
ρopt ∝ 1
Deff
. (3)
For each posterior sample, we make one injection with
the original optimal SNR, and nine additional injections with
smaller optimal SNRs by varying their effective distances to
mimic the weaker lensed images of the event of interest, since
the optimal SNR scales with 1/Deff as in Eq. 3. After gen-
erating a set of 10Nps injections, we inject these simulated
3lensed signals into the data, and use a matched-filtering based
CBC search pipeline (such as GstLAL) to try to recover the
injected signals. An injection is said to be found if the corre-
sponding trigger 2 has a False-Alarm-Rate (FAR) of less than 1
per 30 days. The templates that recovered the injections will
be put into the reduced template bank for the sub-threshold
search. Performing the injection campaign described above
makes sure that the templates in the reduced template bank
will be able to identify the sub-threshold lensed signals, if they
truly exist in the data.
Statistical significance of triggers
Each gravitational-wave candidate in the GstLAL search is
assigned a likelihood-ratio statistic L [45, 46, 51, 52] to mea-
sure its significance. The likelihood-ratio is assigned based on
the SNR, a signal consistency check (GstLAL uses the nor-
malized power in the difference of the SNR time series and
the autocorrelation time series), the sensitivity of each detec-
tor at the time of the candidate, and the time and phase de-
lays between the triggers from different detectors. A p-value
or False-Alarm-Probability (FAP) is then calculated for each
event. FAP is the probability that noise would produce a trig-
ger with a ranking statistic lnL greater or equal to the ranking
statistic lnL∗ of the trigger under consideration. In case of
a single event, in terms of lnL, it is just the complementary
cumulative distribution function of the likelihood-ratio,
P (lnL ≥ lnL∗ | noise) =
∫ ∞
lnL∗
P (lnL | noise)d lnL.
(4)
Alternatively, we can express an event’s significance in
terms of the FAR, which refers to how often noise would pro-
duce a trigger with ranking statistic lnL greater or equal to
the ranking statistic lnL∗ of the trigger under consideration
[45]. In terms of the complementary cumulative distribution
function of the likelihood-ratio and the time length of the data
under analysis T ,
FAR =
P (lnL ≥ lnL∗ | noise)
T
. (5)
As we have briefly discussed before in Section , we expect
to increase the significance of sub-threshold triggers by reduc-
ing the size of the template bank. By targeting a subset of the
parameter space, we can increase the significance of events
present in the reduced subspace by reducing the trials fac-
tor. Since we are only interested in signals that belong to the
reduced subspace, the foreground is kept constant while the
background is lowered. This method has the potential to re-
veal sub-threshold signals belonging to a restricted parameter
2 That is the time of trigger is within a certain window of the injected time.
space, and can be used to look for quieter lensed counterparts
of the gravitational-wave signals detected by LIGO-Virgo.
When we make use of the reduced template bank for the tar-
geted search of lensed companions of the targeted GW event,
the GstLAL pipeline associates with each found trigger a FAP
and a FAR (See Table II as an example). Readers should be
reminded that the FAPs evaluated here are not indicators of
how likely/unlikely the triggers are lensed counterparts of the
targeted event, since the FAP evaluated here is only indicating
how likely the identified trigger is a gravitational-wave signal.
Instead, the output of this search should only be interpreted
as a priority list for follow-up analysis that computes the like-
lihood that two triggers share the same set of source param-
eters. This means, we need a further analysis for the trig-
gers obtained from the search which evaluates the likelihood
that they are lensed gravitational-wave signals from the same
source (i.e. the target event). The Bayesian model selection
between lensed and un-lensed hypotheses will be explored in
a follow-up paper [48].
EXAMPLE SEARCH: GW150914
Constructing the Reduced Template Bank
To study the performance of our proposed method, we
apply it to the gravitational-wave event GW150914 [5, 53].
GW150914 is the first reported gravitational wave event and
has the highest SNR among all the identified O1 events. Table
I summarises the information about GW150914.
Properties Value
UTC time Sep 14 2015 09 : 50 : 45.4
GPS time 1126259462.43
Primary mass in source frame msource1 35.6
+4.7
−3.1 M
Secondary mass in source frame msource2 30.6
+3.0
−4.4 M
Chirp mass in source frameMsourcec 28.6+1.7−1.5 M
Luminosity distance DL 440+150−170 Mpc
Source redshift z 0.09+0.03−0.03
Network signal-to-noise ratio ρ 24.4
False-Alarm-Rate FAR < 1.0× 10−7 yr−1
Table I. Essential information of the gravitational-wave event
GW150914 reported in [5, 53].
We generate the reduced template bank by first selecting
posterior samples with aligned spins released by the LIGO-
Virgo collaboration [54]. We use these samples to simulate
7015 lensed signals with varying strengths (or equivalently
at varying effective distances) in the time near GW150914.
Fig. 2 shows the distribution of injections in the chirp mass
(detector frame), Mdetectorc , - effective spin, χeff, parameter
space. The orange cross indicates the median inferred value
for Mdetectorc and χeff reported in Ref. [53]. We confirm that
the injections primarily populate around the median inferred
value.
428 29 30 31 32
Mdetectorc (M¯)
−0.3
−0.2
−0.1
0.0
0.1
χ
eff
Median value reported in O1 BBH Paper
Figure 2. The injection set used in the injection campaign for
the GW150914 targeted search in the chirp mass in detector frame
Mdetectorc - effective spin parameter χeff plane. The orange cross indi-
cates the median inferred value for the chirp mass in detector frame
and the effective spin parameters for GW150914 reported in [53].
The templates which successfully (i.e. with FAR ≤
1/30 days) identify our injected signals are added to the re-
duced template bank. Figure 3 shows the original template
bank (dark blue) used by the GstLAL search in O1 and O2,
and the reduced template bank (orange) generated for the sub-
threshold search of GW150914 projected onto the m1 − m2
plane. We can see that the reduced template bank is sparser
than the original bank. In fact, there are only 181 templates in
the reduced template bank, compared to the 677000 templates
in the full template bank.
To confirm that our reduced template bank is effectual and
improves sensitivity, we use the reduced template bank to
analyse the same set of injections and data as above. Fig-
ure 4 shows the comparison plot of the FARs of the found
injected simulated lensed signals of GW150914 for the origi-
nal and reduced template bank. For injections near the usual
FAR threshold (i.e. FAR ≈ 10−7Hz), it can be seen that most
injections have their FAR lowered on the use of the reduced
template bank. Overall, out of 1914 recovered injections, the
FAR of 147 (7.7%) injections have been lowered. This shows
that the use of a reduced template bank can reduce the noise
background, and hence improve the ranking statistics (which,
in this case, is lowering the FAR) of (near-) sub-threshold sig-
nals.
Search Sensitivity
To assess the search sensitivity of our targeted search, we
analyse the same injection set as above but now in all the data
from O1 using the original and reduced template bank. Figure
5 compares the distribution of ranking statistic (log likelihood
lnL). Note that the blue curve (with reduced template bank)
is below the red curve (with original bank), indicating that the
noise background is reduced when we use the reduced tem-
Figure 3. (Color online) The templates in the original and the reduced
template bank, plotted in dark blue and orange respectively on the
m1−m2 plane. The best-match template for GW150914 is indicated
by a red star. We can see that the reduced template bank is more
sparse than the original bank. However, because the templates in
the reduced template bank can recover the lensed signal injections
in an injection campaign, these templates will be able to identify the
sub-threshold lensed signals, if they truly exist in the data.
plate bank.
From our set of injections with known distances, we can
assess the distance out to which we may be able to identify
gravitational-wave events (observable range). Figure 6 shows
the observable range - FAR curves for GW150914-like signals
using the original and reduced template bank. Note that the
orange curve (with reduced template bank) is shifted upward
compared to the blue curve (using the full template bank), in-
dicating an increase in the observable range. In fact, the ob-
servable range for combined FAR > 10−11Hz is improved
by at least 4.5%. In particular, around the usual FAR thresh-
old (i.e. FAR ≈ 10−7Hz), the observable range is improved
by approximately 11.9%. The turnover after FAR≥ 10−11Hz
is solely due to statistical uncertainty, but will not affect the
efficiency of our search since we are only focusing at sub-
threshold region (i.e. around FAR ≈ 10−7Hz. This suggests
that with the use of a reduced template bank, we are able to see
gravitational-wave signals to further distances at a given FAR
threshold. From Eq. 3 we can conclude that by being able
to see further, equivalently we are able to search for lensed
gravitational-wave signals which seem to be further away.
5Figure 4. The comparison plot of the FARs of the found injected
simulated lensed signals of GW150914 for the original and reduced
template bank. The red line indicates the identity line. For injections
near the usual FAR threshold (i.e. FAR ≈ 10−7Hz), most injec-
tions have their FAR lowered through the use of the reduced template
bank. This means that the use of a reduced template bank effectively
reduce the FARs of (near-) sub-threshold triggers
Figure 5. (Colour online) The ranking statistic threshold curves (on
the log likelihood lnL - Number of events N ≥ lnL plane) for
GW150914. Note that the results combined all the data in O1. The
red curve corresponds to the result using the original full template
bank, while the blue curve corresponds to the result using the reduced
template bank. It should be noted that the blue curve is below the red
one, indicating that the noise background has been reduced through
reducing the template bank size.
Figure 6. (Colour online) The observable range - combined FAR
plots for GW150914 using the original and reduced template bank.
The curve with the reduced template bank is above the one with the
original full template bank. In general the improvement in observ-
able range for combined FAR > 10−11Hz is at least 4.5%. Particu-
larly, around the usual threshold for FAR (i.e. FAR ≈ 10−7Hz), the
observable range is improved by approximately 11.9%.
Strong-lensing Candidates of GW150914
Finally, we present the list of candidates of strongly-lensed
images of GW150914 identified (i.e. passing the usual FAR
threshold of FAR ≤ 1/30 days) by this search over all data
from O1 in Table II.
A number of items should be noted. As we can see, our
reduced template bank retrieved GW150914 as its most prob-
able candidate. Since most of the original templates that
match the other two events GW151012 and GW151226 well
are eliminated through the injection campaign, the search did
not recover these events as candidates. In this search, we
have found two candidates besides from GW150914. Can-
didate number 3, in particular, coincides with the newly re-
ported trigger GW151011 in [55], meaning that the candidate
found has a certain possibility of being a real gravitational-
wave event. Nevertheless, readers should be reminded that the
FARs shown in Table II do not indicate how likely these trig-
gers are lensed counterparts of the targeted gravitational-wave
event, but instead a priority ranking for follow-up analysis that
computes the likelihood that two triggers share the same set of
source parameters.
CONCLUDING REMARKS
Gravitational-wave lensing has been the focus of increased
attention in the recent literature [27–40]. A recent study has
found no compelling evidence for lensing magnification, re-
peated signals from a single strongly lensed source, and wave
optics effects due to solar-mass compact objects [26] in the
GWTC-1 catalog [5]. Nevertheless, the possibility exists that
strong lensing produces strong signals that can be identified as
a gravitational-wave event and weaker signals that are buried
6Rank GPS Time UTC Time SNR FARfull bank (Hz) FARreduced bank (Hz) Remark
1 1126259462.43 14 Sep 2015 09:50:46 24.256 3.169× 10−15 1.407× 10−26 This is GW150914.
2 1128652652.63 12 Oct 2015 02:37:16 8.842 - 2.991× 10−7 This trigger was not found in the full bank search.
3 1128626886.60 11 Oct 2015 19:27:50 8.848 - 3.097× 10−7 This trigger was found and reported in [55].
Table II. A list of candidates of strongly-lensed images of GW150914 found by this search over all the O1 data.
inside the noise background. The latter are referred to as sub-
threshold and may not be labelled as a gravitational-wave de-
tection without further analysis.
We have proposed a search for these sub-threshold signals
by means of matched-filtering using a reduced template bank
that is produced to target specific gravitational-wave events.
In particular, we construct this targeted template bank by se-
lecting high-likelihood samples from the parameter estima-
tion results, simulating a set of signals by varying distances of
these samples and selecting the templates that successfully de-
tect these signals. We show that the resulting reduced template
bank reduces the noise background and increase the search
sensitivity of the search. Applied to one event from O1 -
GW150914 as an example, we found that the sensitive dis-
tance increases by at most 11.9%.
We also present the list of triggers which pass the usual
FAR threshold of FAR ≤ 1/30 days from the targeted search
of GW150914. We have found two possible sub-threshold
lensed signals for GW150914 in the O1 data apart from the
original event GW150914. In particular, one of the candidates
also coincides with the newly found trigger in [55], making
the candidate more likely to be a real gravitational wave event.
Nevertheless, it should be noted that our reduced bank suc-
cessfully lowers the noise background, and hence increases
the significance of the (near-) sub-threshold triggers.
The new FAR associated with these triggers should not be
interpreted as a measure of the likelihood that these triggers
are indeed duplicated signals of the same source. Instead, the
output of this search should be interpreted as a priority list
for follow-up analysis that computes the likelihood that two
triggers share the same set of source parameters [28, 48].
The performance of our search can be further optimized.
For example, the selection procedure for templates that are
included in the reduced bank may require tuning to find the
optimal balance between coverage and sensitivity. Moreover,
it has been shown that the subdivision of templates within a
bank can also affect the performance. Furthermore, since we
are looking for lensed counterparts of targeted events, from
the sky location of the target, we should be able to set a con-
sistent range for the difference in arrival time between the de-
tectors for the lensed counterparts. With such, we can further
increase the sensitivity of the search.
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